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Periodic Heat Transfer in Radiating and
Convecting Fins or Fin Arrays

Ralph G. Eslinger* and Benjamin T. F. Chungt
University of Akron, Akron, Ohio

A finite-element solution is presented for the heat transfer from radiating and convecting fins or fin arrays.
Consideration is given to thin, straight fins attached to a base surface for which the temperature varies
periodically. Fin-to-fin, fin-to-base, and fin-to-environment radiative interactions are considered. It is assumed
that the radiating surfaces are gray, the environment is black, and the surrounding fluid is transparent. An
absorption factor technique is employed for the computation of energy exchange within the nonisothermal
enclosure of the fin array.

Nomenclature m = number of fin elements
N, =convection number, hL?/bk
A = dimensionless amplitude parameter N, =radiation number, eotL?/2bk
Af =surface area fin p = numerical step size parameter
= dimensionless frequency parameter, wL? k/pc, PT =[1 x]
B, = absorption factor 1 x;
b = fin thickness [P1, = [ ] xlv ]
[C] = elemental capacitance matrix 4 "
[C]e = global thermal capacitance matrix Q = total heat trar}sft?r from t.h ¢ fin
c, — specific heat [R]. = elemental _rac?xauon matrix
(D1, — displacement matrix, [R] =global radlatlpn matrix
{ri, =elemental radiation column vector
(0 07 {r} =radiation column vector
. . t =temperature
. {3, =¢lemental temperature vector
1 - | ithrow {1} = column vector of nodal temperatures
[Dle= |0 1| jthrow {7} = column vector of temperature time derivatives
o t, =an environment temperature
X . L =temperature at location x; on the fin
0 0 ¢ = temperature at location x; on the fin
- - t =mean temperature of base surface
d = base length between adjacent fins 1, =first derivative of temperature with respect to
dB(x'x) =differential absorption factor location
F =functional to be minimized t =first derivative of temperature with respect to
F, = elemental form of functional to be minimized time
{g}. =elemental internal heat generation column u” =internal heat generation
vector X = space coordinates of fin
{g) =internal heat generation column vector X =designates x; —x;
[H], =elemental global convection matrix 01 = Stefan—Boltémann constant
{h} =convection column vector € =surface emissivity
I = variational statement 0 =time
1, = elemental form of variational statement 8o = Kronecker delta
K], = elemental global conduction matrix 0 = fin density
K] = global conduction matrix ® =circular frequency of base temperature
k =thermal conductivity oscillation
L =length of fin o = thermal diffusivity
L’ =length of the fin immediately adjacent to the fin A = convergence interval
under consideration v = time step designation
- N, =radiation fin efficiency
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Introduction

N many practical engineering applications, situations arise

in which the heat transfer from a fin occurs neither in a
steady nor transient manner, but rather as steady periodic
heat transfer. Examples of the latter include cooling of
electronic equipment, processes requiring that temperatures
be maintained between specified limits, and cutting tools
subjected to periodic operation.

The only steady periodic heat-transfer problems appearing
in the literature, for which exact analytical solutions have
been obtained, are given by Yang' and Aziz.? In each case,
convection was assumed to be the only mode by which heat
was dissipated from the fin.

Problems of heat transfer by radiation alone from a finned
surface at steady-state conditions have been widely studied. In
most of the investigations, a finite-difference formulation was
employed and the radiosity method? was used to solve the
problem of multiple reflections within a gray, nonisothermal
enclosure. Schnurr and Cothran,* and Sparrow and co-
authors>7 have investigated radiating fin problems of a
steady-state nature successfully.

This paper is concerned with heat transfer occurring by the
combined modes of radiation and convection within an en-
closure formed by adjacent fins, base surface, and the en-
vironment. Due to the nonlinear nature of the problem, the
exact solution is not feasible. Hence, the finite-element
method is employed for the solution. Obviously, the finite-
difference method can be used. However, the finite-element
method is more flexible in treating irregular shapes. The
present computer program can be easily extended to deal with
different geometries of the fin.

Since the first application of the finite-element method
to thermal problems by Wilson and Nickell,® and many
others®!4 have successfully applied the technique to various
boundary value problems of heat conduction. To the authors’
knowledge, no previous work is available for which a finite-
element analysis includes radiation in the energy equation,
although the radiative boundary condition has been treated in
an excellent text by Myers.® In the present analysis,
Gebhart’s5 absorption factor method was selected to solve for
the radiant interchange since it provides an expression ex-
plicitly in terms of the element temperatures.

Numerical solutions based on the finite-element analysis are
presented in graphical form, with comparisons made to the
exact analytic solutions for steady periodic heat transfer by
convection alone and steady, nonperiodic heat transfer from a
single fin radiating to free space.

Problem Formulation

Consideration is given to a thin fin with its base tem-
perature varying periodically, as illustrated in Fig. 1. The
primes in Fig. 1 are used to denote a fin immediately adjacent
to the fin under consideration, and the symmetry of the
system has been used to reduce the number of surfaces that
have radiant interactions and need to be considered in the
formulation. It is assumed that the fin or fin arrays are of
semi-infinite extent. In addition, the following assumptions
apply:

1) The base surface acts entirely as an isothermal surface.

2) All surfaces, with the exception of the environment
which is assumed to be black, act as gray diffuse emitters and
absorbers.

3) Radiation incident on any of the surfaces is uniformly
distributed over the surface.

The energy equation applicable to the system shown in Fig.
1, using the concept of absorption factors, is given as:

ot 2h L ycE i[u SL' €’ dB(x’,x)rdx’

ax? bkl T T T T bk LS 0 dx
LedB(x,x)t* 1 ot

— SO —dx—dx—ebB(b,x)tg—eaB(a,x)tg] === O
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The associated boundary conditions are:

1(0,0)=t,=t,+ (f,—1,)Acoswl 2)
and

o (Loy=0 3
o (L0 = (&)

Where B(x’,x) is the absorption factor and is defined as the
total fraction of the emission by x’ which is absorbed by x.
The radiation, which is absorbed at x and originates at x’,
consists of both direct irradiation from x’ and radiation from
x’ which is absorbed at x, after having undergone multiple
reflections within the enclosure. The absorption factors are
functionally dependent on the configuration factors for the
enclosure and exhibit similar reciprocity. The bracketed term
in Eq. (1), which is multiplied by o/bk, represents the radiant
energy balance for a differential element of fin with the in-
tegral over L and L’ accounting for the fin-to-fin interaction.
At this point in the formulation, it will be convenient to
recognize that the finite-element solution will be numerical in
nature. The finite-element representation of the system is
iltustrated in Fig. 1. Proceeding to the finite-element model at
this point does not require that dB(x’,x) or dB(x,x) be given
in exact differential form, but can be replaced with finite
approximations. This is essential since the differential ab-
sorption factors do not have an explicit differential form, but
are obtained as a finite surface that is subdivided into small
finite sections. Introducing the notation that B,, represents

L

]

/—2m+1 :‘/—2m+2
'o rFal ta L/_"”
v '
o1j{2){-~~-fe+ ...... jm,
X1 Xo X3 X x[ XTL X+
X L ——

Fig. 1 Ulustration of fin geometry, base temperature, and the finite-
element representation of the enclosure.
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the absorption factor from the nth surface of the 2m+2
elements comprising the enclosure to the eth arbitrary element
on the fin will allow for Eq. (1) to be rewritten as:

"

%t h u g [
LA PO -~ |e1=B,)¢*
vz kUl T T e [fU T Be)
- 2§26 ¢B tﬂ—lﬂ @)
o en en®n _0130

where the reciprocity relation for absorption factors given by
e’dB(x’,x)dx’ =edB(x,x’)dx )

is used to allow for the cancellation of dx and the Kronecker
delta is used to allow the unknown element temperature to be
removed from within the summation. Equation (4) is
representative of an elemental energy equation in which dB
has been replaced with B, to denote the arbitrary eth element
of which the coordinates are given by x; and x;, as shown in
Fig. 1. It is not necessary that the emissivity remain constant
over the length of the fin. This will be subsequently shown as
an elemental property in Eq. (16). From Eq. (4), it now
becomes possible to determine an elemental expression for the
functional F,, the integral of which when minimized for each
element and point in time will yield the temperature
distribution along the fin.

The solution of Eq. (4) is equivalent to finding a function
t(x,0) which will minimize an integral of the form

L
I= 50 F(x,0,1,t.,1,)dx (6)

at each location x and for every point in time. Equation (6)
can be written in elemental form as:

2m+2
I= Y, I, @)
e=1]
where ‘
.
I,= S TF,(%,0,0,t,,1,)dx ®)
Xi

From the calculus of variations, F, in Eq. (8) is obtained as:

1 otz 1 I

F,= - —] —h[#? =2t,11+ —es(1—-B,)1°

¢ 2kb[ax + -2 seoll=Be)
2m+2 t2

1 ad
- ,;1 5enEOBe,,t:t-"u”'bt+ EpCpbW 9)

Equation (9) can now be substituted into Eq. (8), giving the
variational statement /, as:

(1 a2 I 1
— — — _ 2 _ _ _ 5
Ie—Sx‘_ {Zkb[ax] +2h[t Ztat]+5ea(1 B!t
2m+2 1 at2
- E 8,,€0B,,t4it—u" bt + Epcpbﬁldx (10)

n=1

Having obtained the elemental expression for the variational
statement, it is now possibe to proceed with the finite-element
formulation.

"~ The left hand side of Eq. (7) is now differentiated with
respect to temperature and equated to zero to give

d]_ 2m+2d
a ~

Ie
=0
5 (11)

e=

It is convenient to break I, up into its component terms.
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dIe _d(Ik)e d(I,,)e d(I,)e
d{s},  d{r}, = dfegy,  di,
_ddp),  dU), _
s, A, C 12

Assuming a linear temperature distribution across the
elements, ¢, can be written in matrix from as:

t,=IPITIPI;' {1}, (13)

where {7}, and [P]T are defined in the Nomenclature.

The component terms of Eq. (12), (Iy)., (1,),, etc., prior
to differentiation can be obtained easily by comparing the
corresponding terms in Eqgs. (10) and (12). Differentiating
each term with respect to {¢},, with subsequent integration
over the elemental length x; to X;, gives

an =2l Tl a9
el PR (e o ) B
e

_% zgzaenerBenfﬁ[ j ] (16)

d(l,), u/bx; [ 1]

(), 2 L1 an
d(,), _pcpbe 2 1 .
d{t}, = 6 [1 z]me (13)

Note in Egs. (14-18) that the properties have been subscripted
to denote that they apply to a particular element; hence, the
properties need not be constant over the length of the fin. In
Eq. (16), to avoid introducing the formulation that would
become a nonlinear set of equations, ¢} is removed from
within the integration after differentiation. Since ¢, is scalar
and from the assumed linear temperature distribution across
the elements, 7, is given as:

t,=-"" 19)

It is convenient to introduce shorthand notation for the
component terms of Eq. (12) given by:

%({%Zj =KL 11}, 20)
dd({lt"}): =[H]. (1}, = (h], @n
%ﬂme{t}e—{r}e (22)
%({If—}):={g}e 23)
%ﬂﬂe{f}e 24)

Equations (20-24) are premultiplied by the global
displacement matrix [D],, and then postmultiplied by [D] to
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Fig. 2 Steady, periodic temperature for the limiting case of con-
vection only.
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Fig. 3 Fin efficiency for the case of a single fin with a constant base
temperature radiating to free space.

yield a global form. Equation (12) is now given in a compact
form by:

[CHEO +[K+H+RI{(t)={h+r+g)} 25)

The boundary condition given in Eq. (2) is that of a
specified temperature at nodal location 1, and ¢, is replaced in
the global temperature vector with the expression given in Eq.
(2). The boundary condition at the fin tip given by Eq. (3) is
that of an insulated end. The finite-element formulation does
not require any modifications to the system of equations given
by Eq. (25).

Numerical Solution Technique

The Crank-Nicolson method is chosen to advance the
solutions in time with iterations of the nodal temperatures { /)
occurring at each time step. The temperature-dependent
elements, those containing the unknown ¢, terms, were
iterated in a manner such that {7 = (#/*/ + /1) /2, until
such time as the nodal temperatures converged, as prescribed
by:

(1) D~ {1} U4 Dns SN (26)
where n indicates the nth iteration at the time v+ 1 and A is a

specified convergence interval. For convergence within the
incremental time step, A is constant for each location along
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Fig. 4 Steady periodic temperature distribution in a single fin with a
radiation to convection number ratio of 0.1,

the fin and is given as 0.01% of the mean base temperature. A
similar convergence criterion was applied to determine at
what point in the execution the temperature distributions had
converged to steady periodic conditions. The solution was
allowed to proceed for one complete cycle of base temperature
oscillation, storing the temperature distributions. As the
solution proceeded, convergence of the temperature
distributions was checked, and if convergence had not oc-
curred the temperature distribution for the previous cycle was
replaced in storage with the newly calculated distribution.
Once convergence was attained, the solution would proceed
for one complete cycle. From the stored steady periodic
temperature distributions, the instantaneous heat-transfer
and fin efficiency were calculated using a five-point dif-
ferentiation formula. The instantaneous efficiencies were
subsequently integrated numerically over a complete cycle to
give the average fin efficiency.

Results and Discussion

In order to check the accuracy of the present numerical
computations, results for the temperature distributions were
first compared to the limiting case of steady periodic heat
transfer by convection only (i.e., N,=0) given by Yang.!
Figure 3 illustrates the excellent accuracy obtained in
calculating the steady periodic temperature distributions. It
should be pointed out that the numerical computation for the
instantaneous heat transfer converged in a significantly
slower manner when compared to the temperature profiles. It
was found that the governing numerical step size parameter p,
as given by

p=adb/Ax? 7

had to be on the order of p=0.02 to obtain instantaneous
heat-transfer solutions accurate to within 3% of the
analytically given values of QL/bk(t,,—¢,). The numerical
step size parameter p will be smaller for a problem involving
periodic temperature variation, as a result of the period 1/w at
which the oscillations are occurring, than for a problem in
which the temperature changes in a stepwise manner. Af in
Eq. (27) can be rewritten in increments of the period of
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oscillation as shown in Eq. (28),
p=2ma/nwAx? (28)

where 7 is an integer representing the number of intervals that
comprise one cycle of oscillation. The temperature
-distributions are less sensitive to p and good agreement with
the analytic results is found to step size parameters as large as
1.0.

The steady-state, nonperiodic temperature distributions
and resulting fin efficiencies for a single fin radiating to free
space are obtained by setting N, and A equal to zero in the
computer program. Since convection is not present, the
radiation fin efficiency is defined as:

n,=Q/20A, ] (29)

Heat transfer in single fin radiating to free space without
surface-to-surface interaction was solved analytically by
Lieblein. %17 The exact solution for 5, was presented im-
plicitly. Figure 3 shows the excellent agreement between the
exact solution and the present limiting solution.

The major emphasis of the study focused on the heat
transfer by combined mode of radiation and convection. Two
cases, in particular, were studied.

The first case was that of a single fin system with negligible

base surface interaction dissipating to nonfree space. Figure 4
shows a steady-state temperature distribution for this system

aL
BK (tm-ta)

wé
Fig. 5 Instantaneous dimensionless heat transfer for the parameter
N, /N, for a single fin radiating to nonfree space with negligible base
surface interaction.

02— =
0.1 1~ ]

S USRS SV S N N S
0 s 2n

w8
Fig. 6 Instantaneous fin efficiency for the parameter N,/N, for a
-single fin radiating to nonfree space with neghglble base surface in-
teraction.
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with various values of wf. Figure S5 illustrates the in-
stantaneous, dimensionless heat transfer for the
parameterization N,/N,. Figure 6 plots the corresponding
instantaneous combined mode for efficiency against wf. The
combined mode efficiency is defined by:

n=0Q/[2hA,(t,—1t,) +20A,(t5—1)] 30)

As can be seen, the efficiency increases as radiation becomes
the more dominant mechanism by which heat is dissipated
from the fin, but does not reflect a net greater heat transfer
from the fin. It became apparent from studying the single fin
system that as the ratio of N,/N, becomes larger than 10, the
effect on both the instantaneous heat transfer and efficiency is
minimal and, as such, the system can be assumed to be purely
radiative in nature. In the study, the radiation number N, was
held constant and N, varied accordingly and, as such, the
results are restricted to N, =0.135. The value of N, chosen is
representative of an anodized (high emissivity) aluminum
surface at moderate temperature. A ratio of ¢,/1,=0.5 is
applicable for all cases presented with a mean base tem-
perature of 1000°R. The convection coefficients were selected
to be representative of the free convection range or as would
exist in a rarefied atmosphere.

This combination of parameters allows for the study of
systems for which a clear-cut determination of the major
mechanism by which heat is dissipated from the system is not
readily apparent. The parameterization of N,/N,. is chosen
since it represents what can be viewed as a ratio of a radiative
heat-transfer coefficient to a convective heat-transfer coef-
ficient. The similarity to a heat-transfer coefficient is noted by
Sparrow et al.?

The second case studied involved heat transfer from a fin
array for which it was desired to determine the effect of the
fin pitch spacing given as d/L.

Considering the combined mode heat transfer from an
array of fins forming a gray, nonisothermal enclosure, it is
necessary to determine the elemental absorption factors first.
The absorption factors for the m =20 finite-element system
representation shown in Fig. 1 are illustrated in Figs. 7 and 8.
Figure 7 shows the fraction of emission from a given element
located on the same fin that is absorbed by a given element e
and is a graphical representation of dB(x,x). Figure 8 is
similar to Fig. 7, but gives the absorption factor from fin
elements located on the two adjacent opposing fins. It is
evident that the absorption factors from an element to itself
and from a directly opposed element on an opposing fin are
always maximum. This is a result of the reflected emission by

04— T T T T I T T T T T 1T 11T [T 11

0.03 5 6 7 8

i
gy
‘.gt‘ ‘n

ne

0.01

12 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
e

Fig. 7 Absorption factors for a given element e to elements located
on the same fin.
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Fig. 8 Absorption factors for a given element e to elements located
on the opposing fin.

m ‘a

0 A 2 3 4 5 6 7 .8 9 10
x/L
Fig. 9 Temperature distribution for a fin array of pitch spacing
d/L=0.1.
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i N,=0.135 A=0.1

1.0
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\¥
0.9 n ]
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x/L

Fig. 10 Temperature distribution for a fin array of pitch spacing
d/L=0.1.
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Fig. 11 Dimensionless instantaneous heat transfer from a fin array
ford/L=0.1.

the eth element always being maximum from the directly
opposed element, by virtue of radiation shape factor to the
opposed element being maximum. Elements 1, 2, and 3
exhibit larger absorption factors due to reflection by the base
surface, which is assumed to have the same emissivity as the
fin. As an additional check on the numerically calculated
values, it was found that the absoption factors for all elements
forming the enclosure sum to unity, i.e.,

2m+2
Y B.,=1I
n=]

The absorption factors shown in Figs. 7 and 8 are for a fin
pitch spacing of d/L =0.1. For pitch spacings other than 0.1,
it is observed that the absorption factors exhibit the same
characteristics. Figures 9 and 10 illustrate the steady, periodic
temperature distributions for d/L=0.1. The temperature
distributions, when a pitch spacing of d/L = 1.0 is considered,
exhibit the same characteristic shape but are of lower am-
plitude due to the increased dissipation of heat by radiation
to the environment. Not until the ratio of N,/N,. becomes
=0.25 is it found that the temperature distribution for either
pitch spacing is significantly affected by radiation. Com-
parison of Figs. 9 and 4 illustrate that the temperature
distributions have increased significantly over the
distributions for the single fin. Figures 11 and 12 compare the
net instantaneous dimensionless heat transfer for the cases of
d/L=0.1 and 1.0, respectively. The fin system with pitch
spacing d/L =1.0 gives consistently higher values of the in-
stantaneous heat transfer and efficiency than for the system
with d/L =0.1. It is interesting to note that negative values of
instantaneous heat transfer and fin efficiency exist. The
negative values indicate a backflow of heat from the fin into
the base surface and is consistent with the similar behavior
noted by Yang! in the study of purely convective fins.

A final comparison of the systems studied is presented in
Fig. 13. Both steady nonperiodic and steady periodic fin
efficiency over one cycle of base temperature oscillation is
shown. The steady nonperiodic efficiencies are based on the
mean temperature of the base surface. Asillustrated in Fig. 13
for the nondimensional frequency parameter B=35.0, the
steady periodic fin efficiencies are closely approximated by
the steady-state values at the mean base temperature. The
most significant aspect of Fig. 3 is the degree to which the
steady-state fin efficiencies closely approximate the steady
periodic efficiencies. However, the present computations
revealed that the computer time required to obtain steady,
periodic efficiencies as opposed to steady nonperiodic occurs
in a ratio of approximately 90:1.
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Fig. 12 Dimensionless instantaneous heat transfer from a fin array
ford/L=1.0.
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Fig. 13 Steady-state and steady periodic combined mode average fin
efficiencies vs the parameter V, /N .

Conclusion

A finite-element formulation is developed to permit the
study of combined mode heat transfer from a finned system
with a periodic base temperature. Comparisons to analytically
given limiting cases illustrate that the present numerical
solutions agree well with analytic results. Emphasis has been
placed on the study of heat transfer occurring in a steady,
periodic manner with several cases having been presented.
While this work has been restricted to considering primarily
the fin efficiency for constant properties, the computer
program can be easily modified to incorporate variable
properties and other more complicated fin geometries. It
should be pointed out that the same problem can be solved
using finite-difference methods. The major advantages of
finite-element techniques are that: 1) the irregularly shaped
region can be handled easily without special treatment and 2)
the size of finite element can be varied over the region, per-
mitting the use of small element without bookkeeping dif-
ficulty, as is usually encountered in finite-difference methods.
Therefore, the finite-element technique is employed in the
present study with the intention that the computer program
can be easily extended to handle the more complicated fin
geometries.

AJAA JOURNAL

Due to a large number of parameters involved in the study,
the presentation of an extensive parametric study becomes
prohibitive, as the space is limited. In addition, the computer
run times for each combined mode case are, in general, quite
lengthy. However, the computer programs are well
documented in the Appendix of Ref. 18.
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